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for any Jhcts^ reasonings, or opinions, advanced 
in papers printed by them. 



THEORY OF THE COMBINATION 
OF OBSERVATIONS. 



XT is well known that the method of Least Squares 
does not, strictly speaking, give the most probable 
result to be drawn from a system of observations, 
unless either the number of observations be indefi- 
nitely great, or the function expressing the relative 
facility of errors have a particular form ; whilst it 
is certain that, in practice, neither of these condi- 
tions ever subsists otherwise than approximately. 

Yet it seems to be admitted that the method in 
question does strictly, in some sense or other, give 
the best result which can be obtained. No one, 
however, attempted a demonstration of this prin- 
ciple before Professor Gauss. In his treatise en- 
titled " Theoria Combinationis Observationum erro- 
ribns minimis obnoxiae," {Gottingen, 18S3), he has 
considered the following question ; Admitting that 
the number of observations is finite, and that we 
do not know the form of the function by which 
their character is defined, what conclusion ought 
we to adopt under these circumstances ? or, to 
employ his own term, what is the most plausible 
b3 
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result? And he has demonstrated that the method 
of Least Squares rauyt be used, provided we assumt; 
that result to be most plausible which would give 
the least average value to the square of' the error 
in an infinite number of trials. (Theor. Comb, art, 6, 
and 21.) But this assumption, however strongly 
it may commend itself to the instinct of the mathe- 
matician, confessedly involves something arbitrary, 
and so there is still something wanting to the logical 
consistence of the theory wbicTi rests upon it. 

In the following essay the subject is considered 
under a different aspect, but the results are identical 
with those obtained in the treatise just referred to, 
at least so far as they are comparable with them. 
The reasoning employed professes to be demon- 
strative in the same sense in which the ordinary 
a priori proofs of the fuiidairiental theorems of 
Statics profess to be so ; and as it is important 
that it should he clearly understood in what sentie 
this is, I have added some remarks at the end upon 
this point. But whatever may be thought of the 
logical character of the processes, I believe it will 
be allowed that they contain nothing arbitrary; 
that no principle is assumed which is not obviously 
and unquestionably the most plausible, or rather 
the only plausible one which could be assumed at 
all. And if so, the complete coincidence of the 
conclusions with those deduced from a perfectly 
distinct and independent set of principles may be 
looked upon as an interesting fact, notwithstanding 
the failure of any particular attempt to explain it. 




SECTION I. 

1. If the value of an unknown quantity x has 
been determined by one observation not absolutely 
accurate to be =x„ and by another observation to 
be =3^j, and if there are no other data, it fs plain 
that we must assume for it some value x, inter- 
mediate between x, and x,. Suppose x (algebrai- 
cally) less than x^. Then the first observation, 
considered by itself, supplies a reason for diminish- 
ing X ; the second, a reason for increasing x. 
Therefore x must be so assumed that these two 
reasons may exactly counterbalance one another. 
Let force be defined to be reason for alteration, 
and let a quantity be said to be in equilibrio when 
the force tending to diminish it equals the force 
tending to increase it. We have now to shew how 
such forces can be numerically compared, and to 
investigate the laws of their equilibrium. 

2. Let two observations be said to be of the 
same kind, when two numbers m and n can be 
found, such that if m repetitions of the first ob- 
servation concurred in giving the same value for 
the unknown quantity, our knowledge of it would 
be exactly the same as if n repetitions of the second 
had similarly concurred. Let the reciprocals of 
m and n be taken to measure the weights or ahso- 
luie forces'^ of the respective observations. Thus 

■^ It is important to observe that this is a mere definition, and 
affirms no proposition whatever. 



r 





if we take a particular observation as a standard, 
and call its weight 1, the weight of any other ob- 
servation will be represented by^, ifg-=-, and n 

repetitions of it be equivalent to m repetitions of the 
standard observation. In what follows, all the ob- 
servations are supposed to be of the same kind, i. e. 
comparable in respect of their weights, 

3. The determination of a single unknown quan- 
tity X by direct observation, may be considered as 
the determination of the position of a point in a 
straight line by means of its distance from a fixed 
point in the same line. 

Suppose two observations of the same weight ff 
give two different positions A and B for the un- 
known point P. It is manifest that we must place 
it at a point C half way between A and B, since 
there is no reason for placing it nearer to one of 
these points than to the other. 

4. The iveight of this determination is ^g. That 
is, our knowledge of the position of P is exactly 
the same as if one observation of weight 2^ had 
placed it at C. 

For let a be the distance between A and S. 
Then if the weight in question be not equal to 
2g, let it =7, and y must depend in some way 
upon g and a. Suppose 

y=g. <l>{a) 

(the equation must be homogeneous with respect 
to 7 and g, otherwise its meaning would be altered 
by altering the unit of weight). We know that 
0{o) = 2, since if both observations had concurred, 
the weight of the result would have been %g by 






definition. Also 4> {a) cannot be a function vary- 
ing continuously with a; for if it were, the mean- 
ing of the equation would be altered by altering the 
unit of linear measure. Therefore either <p (a) is 
constant and = S, or it is discontinuous, and = 3 
when a = 0, but has some other constant value 
when a is different from nothing. 

I shall assume that the supposition of disconti- 
nuity is inadmissible'*, and consequently that ■)' = 2^. 

S. Hence we may substitute for the results of 
two observations of equal weight ff, their arith- 
metical mean ; and consider it to be the result of 
a single observation of weight 2g: And convei-sely, 
for a single observation of weight ^, giving x = x^, 
we may substitute two observations of weight ^ff, 
giving x = Xg + c, x = x^~-c respectively, where c ia 
entirely arbitrary. 

Consequently, by a process identical with the 
well-known Archimedean demonstration of the equi- 
librium of the lever, it follows that if a number 

of observations whose weights are g„ g^, g^ 

give respectively x,, x^, x^, , . , . for the value of an 
unknown quantity x, we may substitute for them 
a single imaginary observation giving 

with weight —g, + g, -h g^ + . . . . 

^ The same asaumption is necessary in the theory of parallel 
forces. The expression for the resultant of two equal and pa- 
rallel forces cannot involve a continuous function of the distance 
between them ; but it might conceivably he equal to their sum 
when the distance was nothing, and have some constant ratio 
(not unity) to their sum when the distance was not nothing-. 






Let the value of x thus determlaed be called the 
most plausible value. 

6. It is now easy to discover the law of variation 
of the force arising from any observation. 

Let g he the weight of au observation which , 
assigns A for the position of au unknown point ' 
in a given straight line. If we place the point 
in any other position P, at a distance r from -4, 
the variation of the force y urging it towards ^ 
must be expressed by a homogeneous equation of 1 
the form 
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where^ is the force at any other distance r,. Also, 
the distance remaining the same, the force is pro- 
portional to the weight of the observation. For 
suppose jw concurrent observations, of weighty, had 
assigned A for the position of the point. Then if 
we placed it at a distance r, from A, m forces each 
"equal toy', would act upon it. But m observations 
of weight §■ are equivalent to one ohservation of I 
weight mg ; whence the truth of the proposition 
is manifest; and since, r, being given, yj is propor- 
tional to g, g may be taken as the measure ofy). 

If therefore, for greater simplicity, we , 
the unit of distance for the arbitrary ?■,, the equa- 
tion above written becomes 

and it only remains to determine the form of the 
function 0. 

7. Equation (1) art. 5, shews that the position 
of equilibrium of the point P is the point which 
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would be the Centre of Gravity of the points assign- 
ed by the separate observations, supposing a mass 
to be placed at each of them proportional to the 
weight of the corresponding observation. The ques- 
tion therefore obviously reduces itself to finding the 
law of attraction which would give the Centre of 
Gravity of any number of material points placed 
in a straight line for the position of rest of a point 
attracted by each of them. Now it is well known 
that when the force varies directly as the distance, 
this condition is satisfied whatever be the arrange- 
ment of the attracting masses, since the attraction 
of any material system is, on thia snpposition, the 
same as if it were concentrated at its Centre of 
Gravity, Also there is no other law which satisfies 
the same condition. For let there be only two 
points ; /*, fj.' their masses ; r, r' their distances 
from the Centre of Gravity. Then if ^ (r) express 
the law of force, and if the attraction on a point 
at the Centre of Gravity be =o we must have 

fj.4,(r) =i/<f i^) 
but fj.r = fj.' r' 

and therefore 

4.(r) ^4- (r) 



. (^) i 



constant, and the force varies directly a 



the distance. 

8. We have thus established the following theorem. 

If any value x be assumed for an unknown quan- 
tity which has been given =«„ by an observation 
of weight ff, then the force arising from that obser- 
vation and tending to alter x is proportional to, and 
may be expressed by, the product^, {x — x^). 
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In order to avoid the frequent use of negative 
signs, it will be conveaient to consider those forces 
positive which tend to diminish (algebraically) the 
quantities on which they act. 

9- The theorem in the last article was obtained 
by the help of a construction in which the unknown 
quantity was made to represent the distance of a 
point in a straight line from a given point in the 
same. But we might equally well have considered 
it to be the distance of a point in a plane from 
a given straight line in the same plane ; or the 
distance of a point in space from a given plane. In 
this last case, for example, each observation would 
assign for the locus of the point a certain plane 
parallel to the given plane ; and in any assumed 
position, the force arising from each observation 
would be measured by the product of its weight 
into the distance of the point from the correspond- 
ing plane. Whichever construction be adopted, the 
theorem itself is perfectly general. 

10. Hitherto we have considered only the case in 
which the directions of the forces acting upon a 
point are all in the same straight line. But if the 
position of the point were determined by observa- 
tions assigning its distance from straight lines or 
planes not parallel to one another, the forces acting 
on it in its position of equilibrium would have 
different directions. Now the fundamental con- 
ditions to which the forces we are considering are 
subject, are exactly the same as those which form 
the foundation of the ordinary investigations of 
Statics. They are 

(1) That the forces are capable of addition; or 
that any two forces acting at -once in the same 
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direction upon a point, may be counterbalanced 
by a single force acting upon it in the contrary 
direction. 

(2) That a force produces no tendency to (or 
reason for) motion in a direction perpendicular to 
itself. 

These two conditions, together with the principle 
of homogeneity, suflSce for the demonstration of the 
parallelogram of forces, and consequently of the 
whole theory of the equilibrium of a single point. 
(See Appendix A.) 

11. And from these conclusions, the conditions 
of equilibrium of any system of points whatever, 
and in particular, the principle of virtual velocities, 
which is the general expression of them all, are 
dedueible by the help of the two ideas of a perfectly 
rigid and of a perfectly Jlexible line, with their fun- 
damental properties ; which properties are exactly 
the same with respect to forces of the kind here 
considered, as with respect to those with which the 
ordinary science of Statics is concerned. 

1 2. The whole theory of equilibrium may there- 
fore be stated as follows : 

If », v\ fl\ be a system of values attributed 

to quantities connected by any conditions whatever; 

and \ffyf\f" be the forces tending respectively 

to alter their values, the condition of equilibrium is 

fdv +fW +f'dv'' + . . . = 0.<^ 

^ For whatever be the number of the quantities r, v , v'\ .... 
and the nature of the relations between them, they may be con- 
sidered as representing the distances of a system of points in a 
straight line, connected by corresponding conditions, from a fixed 
point in the same, and then the principle of virtual velocities is 
immediately applicable. 




This tiieoreni, together with that stated in Art. 8, 
will form the basis of all that follows. 



SECTION II. 

13. If, instead of determining the value of x by 
direct observation, we concluded it from an obser- 
vation of any multiple, «x, of w, tlie error in the 



of the observation. In other words, the precision 
with which x is determined is « times as great as 
that with which nx is determined. 

If the value of x, determined directly by an 
observation A, be supposed to be thereby given 
with exactly the same certainty as the value con- 
cluded from another observation B of nx, then the 
precision of the observation A is said to be n times 
as great as that of B ; and if we call the precision 
of B unity, that of A will be represented by n. 
And similarly, if an observation A of mx and an- 
other B of nx give values of x equally entitled 
to confidence, the precision of A is to that of B 
as n : m. 

14, It is important to determine the relation he- 
tween precision and weight; and this may be done 
immediately by means of the principles established 
in the preceding section. 

Let y — mx. And suppose an observation whose 
precision is unity and weight g has given y = yc- 

The deduced value of x, i.e. ^ or .?„, will be en- 
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titled to the same confidence as if it had been deter- 
mined by a direct observation, of precision m. Now 
if we assume for x and y any corresponding values 
different from x^ and y^^ the force tending to alter y 
i^giy — yo) (Art. 8); let y be the force tending to 
alter x ; then if the latter force acted in a contrary 
sense, the system would be in equilibrio. There- 
fore by the principle of virtual velocities (Art. 12), 

fdx=g{y--y^)dy, 
or, since y — yo = ^ (^ — ^o) and dy = mdx, 

i. e. the force acting on x is the same as if this 
quantity had been given =:X^ by a direct observa- 
tion, of weight m^g. But we have seen that x may 
be considered to have been determined by a direct 
observation, o^ precision m. Consequently we have 
the following Theorem : 

If ^ be the weight of an observation whose pre- 
cision is unity, then ni^g is the weight of an obser- 
vation whose precision is m. Or, the weight varies 
as the square of the precision ^. 

15. It follows immediately from the definition 
of precision, that the risk of any error e in the 
result of an observation whose precision is wi, is the 
same as the risk of an error me in an observation 
whose precision is unity. 

And therefore the theorem proved in the last 
article shews that if ^, e'^y e'"^^ be the squares 

^ The assumption of an equivalent principle in the Theoria Com- 
binationis. Art. 6, as the foundation of the whole theory, consti- 
tutes the doubtful step alluded to in the introduction to this essay. 
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of errors equally to he feared in the results of ob- 
servations whose weights are respectively^,^'', g" 

then ge^=g'e"^=g"e"'-= .... 




SECTION III. 

16. If u be a given function of any number of 
independent quantities v, v', «".,.. suppose 

u = F {v, »', o", . . . .) 
and if the values of r, »', v", . . . have been given 
respectively equal to v^, vj, k/', .... by observations 

whose weights are g, g', g" then, so long as 

we know nothing more, »„, v\, . . , are the most 
plausible values of «, «', v",.... and Ua = F{Va, f/, 
«o" . . . .) is the most plausible value of u. 

Suppose now that we discover directhj that^M has 
really some value m„ different from «^. Then v^, v\, 
. . . are no longer the most plausible values of »', v', 

But it is evident that out of all systems 

of values of these quantities which give a — a„ that 
system must be chosen which is in equilibrio under 
the forces arising from the original observations. 

Now the condition of equilibrium is (Arts. 8, 12) 
g (»—«„) dt+g' {v' - u'o) dv' + . . . —0 
and since the variations of v, «',... are subject to 
the condition « = w„ we have also 

dv+ ■^, dv' + .. . =0 
av dv 

and there is no other relation between the differen- 
tials. Consequently 



I 




15 

du du du 

dv dv' dv" 



• • • • 



(1) 



This formula, combined with the equation u^u^^ 
gives as many equations as there are quantities 
V, v\. . . to be determined, and thus we obtain the 
most plausible values of these quantities consistent 
with the supposition m = u^. 

17. The formula (1) of the last Article, considered 
by itself, expresses the law according to which 
V, v\ v'\ must vary, when different supposi- 
tions are made with respect to the value of u. I 
shall call this law the law of relative equilibrium. 
If we call f the force acting on u (when any value 
different from u^ is given to it), then, since if it 
acted in the contrary sense, the system would be in 
equilibrio, we must have 

fdu =^(f? -.«?o) dv +g' {v'-v\) dv' ^ 

where du = -~dv + -rr-,dv' + 

dv dv 

and r, v\ v'\ cfo, dv\ are subject to all the 

relations implied by the formula (1). These prin- 
ciples might be presented in a more general form, 
but enough has been said to make the extension 
of them easy, if any particular case should require it^. 

c This subject may be illustrated by an analogous case in 
mechanics. Suppose a point in space is acted on by forces 
X, Y, Z parallel to three rectangular axes. If the point is free, 
its position of equilibrium will be determined by the equations 
X=o, F=o, Z=o. But if it is obliged to be on a given sur- 



SECTION IV. 
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18. I proceed now to exhibit the application of 
the principles laid down in the preceding sections 
to some of the most important problems which occur 
in practice. In order to abridge the algebraical 

face whose equation is a^=c, then the condition of equihbrium is 

Xilx+Ydij + Zdz^^O 
which, combined with the condition (/u=0, gives 



d d da 

I dy dz 

Esther f th f rm In h w that the resultant of the forces 

must b tb d t f rmal to the surface. The latter, 

consid d by t It gi t^ quations to the curve which would 

be the 1 f th p t f quiUbrium of the point, eupposing 

differe t a! t h gi t the parameter c. If we suppose 

the surf t h h !]> nstructed in such a way that the 

paratnete m ^ b It d by the action of a certain force ; for 

example, if c be always equal to the distance of a point, moveable 

in a straight line, from a fixed point in the same ; then supposing 

a force/ to act on this moveable point in the line in which it can 

move, the condition of equihbrium of the whole system is 

Xdx + Ydy + Zdz =fdc =fdy. 

, , du da du , 

where rfu =—rfi 
dx 



(--/S)-H''-/|)*+(^-/S>" 
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n which equation the variations of i, y, z are subject to the two 
conditions implied by the formula (a). The reasoning might 
perhaps he made more clear by introducing' the notation of va- 
rialions in these latter equations, and in the corresponding equa- 
tions in the test ; but I prefer leaving the reader to distinguish 
for himself the different meanings of the differentials in the dif- 
ferent parts of the problem. 
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operationsy I shall have occasion to use a very 
simple theorem, of which it will be sufficient to give 
the enunciation. 

Theorem. The formula 

involves the following as a consequence, 
a ^a' a + a' + a' + 



- ^^2 +-^^2 ^b'^ 7; 7. ~ mb + m'b' + w!'b" + ... 



in which m^ m^m , . . . are arbitrary. 

19. Problem. Let u^av -\- a'v' + o'V + . . . . and 
suppose the independent quantities r, v\ 1?", .... 

have been given respectively equal to i?^, «?'o, «?"o> 

by observations whose weights are g, g\ g'\ . . 
Required the weight of the conclusion u = w^j where 

Solution. If we attribute to i« a series of values 
different from tt^j then «?, «?',.... must vary according 
to the law of relative equilibrium (Art. 16), i.e. 

a " «' " «" ^^ 

Let f be the force acting on u. Then by the 
principle of virtual velocities (Art. 12) 



fdu =g{v - v^)dv + gXv' - t?'o)^«^' + 



in which equation v, «?',.... are subject to the rela- 
tions {A). 

c 
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Now the formula (A) involves the following 
(Art. 18), 

adv+aM -k- .... "" 

«(t? — Dp) -f- a\v'^v'o) + 

r > "i~ . • • • 
g g 

i. e. since «(t?— t?o) + «(t?' — r'o) + ... =«— Wo and 
adv + oldv' + . . . = du^ 






//2 



g g g 

Hence (Art. 8) it appears, that the force tending to 
restore u to the value u^ is the same as if that value 
had been found by ^ direct observation of weight G^ 
where 

G^ ^ 5- ^ 
and therefore G is the weight required ^ (Theor. 

Comb. Art. 18). 

20. The most general form of the problem solved 

in the last article would be, to find the weight of the 

conclusion «e = fio» where u is any function of the 

quantities v^ v\.., and u^ its value corresponding to 

f?=:t?^, «?' = «?' •••• In this case, let -7-=Z7,-i-?= LT. 

dv dv 

.... and let f7o, U'^^ ... be the values of f7, IT ... . 
when r — «?o» • • • • Then we shall have, putting y as 
before for the force acting on «, 

fdu=zg{v-v^)dv-^g'{v'--v\)dv' + 

together with the equations 

^ The coiKshision of Art. 14 is obviously a particular caae of 
this proposition. 
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du = Udv + Udtf + . . . . 
and the conditions of relative equilibrium, viz. 

u "= — Tr~ — ^^' 

and hence, exactly as in the former case, 



IP U'2 
— +— r + 

g g 






Now in order that it may be possible to assign a 
determinate weight to the conclusion u =. «„ that is, 
to assimilate it completely to the result of a direct 
observation, it is necessary that the value of y should 
be capable of being put in the form 

where G is some constant (Art. 8). It is obvious 
however that this will not generally be possible, and 
therefore the problem does not generally admit of 
solution. In other words, the conclusion u^^u^ is 
not generally equivalent to the result of a direct 
observation. 

But if we suppose that the variations of i>, v\ . . . 
are restricted within very narrow limits, or that the 
possible errors of observation are very small, and 
consequently neglect the powers and products of 

V — «?o, v' — v'^^ it is evident that we may, in the 

expression {B) write Uo for Z7, &c., and since we 
have, to this degree of approximation, by Taylor's 
Theorem, 

there results y= G(u- u^) 
where —^—L.^. — 2.4. 

G g sr 

c 2 



and since G is now constant, it expresses the weight I 
required {Theor. Comb. Art. 18). 

21. It is important to observe, that if v, v', v", . 
instead of being independent, were connected by any j 
given equations of condition, the force y would still J 
be determined by the equation 

fdu =g (» — »„) dv +g' {v' — v'^) do' + ... 
only the variations of i?, u', . . . . would no longer be I 
expressed by the formula {A) of the last article, but I 
by the equations obtained by eliminating as many f 
as possible of the differentials dv, dv'. . . . from the J 
given equations of condition combined with the I 
equations 

g{v — v^) dv +g' (v' — v\) dv'+ . .. = 
and du = o, 

and then equating separately to zero the coefficients 
of the remaining (independent) differentials 5. 

22. If in the problems of Arts. 16, 2J, and 21, we ' 
take for the function « the following, viz. (n being' 
any positive number) : 

u = {g(v~v^f+g'{v-v\f + }" ,■ I 

the equation expressing the equilibrium of »,«',... . ' 
for any assumed value of u, namely, 

g{v ~v^) dv +g' {v' ~v\} dv' + . . . = o 

is identically satisfied by the supposition u= con- 

8 The illustration in the note to Art. 17 may be easily es.- 
tcnded to this ca&c. Suppose the point on which the forces 
X, Y, Z act is Dbliged to move in the surface w=o which baa no 
variable parameter. If we then also subject it to be in the Burface 
«=:r, whose parameter c is alterable by the force / in the way 
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slant. So that if we are obliged to give u any value 
Uj9 different from u^ (in this case Uo = o)y any system 
of values of «?, i?^ . . . which satisfies the equation 
ii = «„ is in equilibrio, and there is no reason for 
preferring one such system to another. I shall call 
the different systems of values of t?, v\ v'\ .... cor- 
responding to any assumed value of u, systems of 
equal plausibility. If we call y the force acting on 
u when it has any value different from its most 
plausible value o, we have 

/du=g(v -v^)dv +g' {v' -v'^) dv' + (1) 

as before^ and therefore, identically, 

before described, the condition of equilibrium of the whole system 
is as before 

fdc=fdu=Xdx-\- Ydy -h Zdz 

but the variations of x, y, z are now determined by the two con- 
ditions w^=o, and 

/"du dw dw du\ /du dw dw du\ 

^KTy Tz-dy dzJ + ^KTz d^-dl di) 

du dw dtp du' 



. _ /du dw dw du\ 

+ Z{ — — lz=zO. 

\dx dy dx dy / 



The latter equation is obtained by eliminating the differentials 
from the three equations 

Xdx-]: Vdy -\- Zdz=^o, du=^o, dw=.o. 

It obviously expresses the condition that the resultant of the 
forces Jif F Z is in the direction of a normal to the curve of inter- 
section of the two surfaces m=c, w=^o\ and, combined with 
«;=o, it determines the curve, which is the locus of the position 
of equilibrium of the point acted on by these forces, when the 
parameter c is made to vary. 

The only limit to mechanical illustrations of this kind consists in 
the restriction imposed upon the number of variables by the 
dimensions of space. The problems in the text are of course 
subject to no such restriction. 
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2nu » 

The condition of relative equilibrium being here 
satisfied identically, the variations of v, v\. . . . in 
equation ( 1) are absolutely independent, unless these 
quantities are subject to given equations of con- 
dition. (See the next Article.) 

If we put 7i = -, or 

u==^g{v^v:)^-^g'{v'^v',)^ + .... (3) 

then y= u. Or in this case the weight of the con- 
clusion u=zo is 1 ^. And no other value of n gives 
a weight for this conclusion at all. 
If we put w = 1, or 

w=g-(t?-«?o)^-f-^'(«^'-«^'o)^ + .... (4) 

^ This result appears at first sight absurd ; but the difficulty 
disappears if we make the equation (3) homogeneous by assuming 
an arbitrary constant y of the same kind as g, g',... and sup- 
posing 

V y y 

Substituting for du its value in equation (1), we get/=y. u; or 
the weight of the conclusion k=o, is y. In like manner the 
general equation might be made homogeneous, by introducing an 
arbitrary quantity a, of the same kind as v, and assuming 

ly a^ y €? ) 

in which case we should have, instead of equation (3), 



J 2n\uJ 



n— 1 



This being well understood^ it saves trouble to use the non* 
homogeneous equations. 



then f= -, or there is a constant force tending to 

diminish u when any vahie different from o is given 
to it. 

23. The conclusions of the last article are inde- 
pendent of any supposition as to tlie existence or 
nonexistence of relations between the quantities e, 
«', v" 

If these quantities are independent, then the most 
plausible value of v is v^ of v', v\, . . . But if they 
are subject to given equations of condition, which 
make it impossible for them to receive these values 
simultaneously, then, since we have seen that if 

u=g{v — v^^-\-g'{i/ — v\)'^+ 

there is a constant Jbrce tending to diminish » as 
long as it is different from o, it is plain that v, i/,... 
must be so assumed as to give to this function 
(which is essentially positive) its least possible 
value. This is the principle of least squares; of 
which we shall see a much more direct proof imme- 
diately. 

SECTION V. 

24. Problem. Let V, V, V", ... be given 
.functions of the independent variables ;c, y, s:, . . . . 

(not more in number than the functions themselves). 
And suppose that direct observations whose weights 

are g, g', g", have given the values K, K', K" 

for V, V, V" It is required to assign 

the most plausible values of :c, y,%, and the 

weight of the corresponding determination of any 
given function of those quantities. 




The principles of Arts. 8 and 12 give at once for 
the equation of equilibrium, 

g(r- K)dr+g'{r'-K')dr' + . . . . 

which may be otherwise written 



-da= 



a 



if 



= 0,-=-=0.. 




a^g(r-Ky'+g'(r'-Ky 

This 18 the well known equation which shews that 
the most plausible values of x, y, z, . . . are those 
which make the functiou Q a miniraum ; whence 
this solution has received the name of the method of 
least squares. 

Since x, y, %, .... are independent, the final equa- 
tions tor determining them will be 

^-0 — 
dx ' dy 

25. If the number of functions V, V, . . . be 
greater than that of the independent variables x, y, 
«,.... then V, V\ .... are subject to equations 
of condition, and, the observations being not abso- 
lutely accurate, the minimum value of ii, which 
we will denote by Q,„ will generally be different 
from 0. 

We have seen (Arts, 22, 23) that there is a con- 
stant force, represented by ^, tending to diminish- 
fl, which is counteracted by the relations between 
y, V, . . . ., when il has its minimum value. Let 

^, Y, Z, . . . be the forces acting on x, y^ z, 

then by the principle of virtual velocities, 

l(/a = Xdr + Vdy + Zdz+... 

in which equation dx, dy, dz are absolutely 
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independent, since the condition of relative equilu 
hrium (Arts. 16, 21, 22) subsists identically; and 
consequently, 



dx ^ dy ^ dz 



Hence it appears that the equations at the end of 
the last article signify that in the state of equili- 
brium of the system the force acting on each of the 
independent variables is separately equal to nothing; 
as of course we might have assumed a priori. 

26. Let j?o> yo9 ^o> be the most plausible 

values of J?, y, «, . . . . or the values which satisfy 

the equations X=0, F=0, Z=:0, If we dis- 

turb the equilibrium of the system by giving to X 
a value different from x^^ the values of the other 
variables will in general be changed also ; the law 
of their variation being that of relative equilibrium * 
(Art. 16.) which expresses that for each assumed 
value of J?, the values of y, jzt, . . . . are in equilibrio 
among themselves, and which, since these variables 
are independent, consists in the equations 

F=:0, Z=0, 



If therefore we call p the force acting on x^ in con- 
sequence of a disturbance of this kind, we have 
p=iJCi together with the equations just written, by 
means of which y, j2r, . . . may be eliminated, and 

i Such a disturbance would be actually produced, for example, 
by a direct observation of a?, giving a value different from a?^; 
or by the discovery of the true value of x ; supposing in either 
case that no new information is obtained concerning y, z , , ,^ 




m 



the value of p found in terms of x only. If the 
result should be of the form 

p= C . (X — iT,), 

then the constant C would be (Art. 8) the weight 
of the determination x — x^. But if not, then on 
the supposition that the possible errors of observa- 
tion are small, the weight in question will be repre- 



d.v 



sented by the limit of the expression ~ — — 

which is the same thing, by the value of 

corresponding to x = x„^. The weights of the de- 
terminations of the values of y, s, . . . . will be found 
in the same way. 

27. Let u be any given function of x, y, i. 
and Wo its value corresponding to x^, y^, z^ 
then Mg is the most plausible value of u. If we 
now suppose the system to be disturbed by giving I 



^ The following may be takeo as an illustration of this sub- 
ject \ and tlie reader will tiave no difGculty in supplying a similar 
one for the more general problem of the iiext article. Suppose 
a point acted on by forces X, Y. Z, which are functions of its 
Coordinates. Its position of equilibrium will be determined by 
the equations ^=0. F=0, Z=i\. Suppose now it is forced tg 
be in a plane parallel to the plane of yz ; its new position of equi- 
librium will he determined by the equations a^x', y:=0, Z=^ 
where a' is the abscissa of the plane. And the force of restitu- 
tion, or the pressure on the plane, will be given by the co 
spending value of X. Also the equations r=:0, Z=0, by them- 
selves, express the law of relative equilibrium ; or, they are 
equations to the locus of the position of equilibrium of the point, 
when the plane is supposed to move, preserving its parallehsn 
the plane of xy. 
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to u a value different from u^^ and caliy the force 

acting on u, we have, since the force acting on Q 

is^, 

fdu^\da\ (1) 

in which equation the variables are subject to the 
conditions of relative equilibrium, namely, (since 
JT, y, Jff, . . . . are the forces acting on a;, ^, ss, . . . .) 

:^=?1 = ^=.... (A) 

du du du 

dx dy d% 

These conditions being supposed, the value of y 

is A -y-, or, which is the same thing, 
du 

an equation which shews (Article 8) that if 
-^ — ; is constant, (which will not generally 

rf . (a - Mo)^ 

be the case,) then its value is the weight of the 
determination u^u^. In all cases we may take 
the limit of this expression, or, which is the same 

tt converges to w^ (subject to the conditions (A)), to 
represent the weight in question so long as all the 
variations are very small. 

28. If we adopt the subscript o to indicate the 
value of any function corresponding to a?^, y^i «o> • • • • 
and if moreover we suppose a?, y, », . . . . to be ex- 
pressed as functions of X^ Yy Z^ then, ob- 
serving that -STo =0, P'o = we have, as far as 

terms of the first order, by Taylor's theorem, 



thing, the limit to which \ converges when 
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and therefore, as far as terms of the second order, 

and, as far as terms of the same order, 

If we now divide the value of Q — Q^ by that of 
(w — Wo)^5 it is obvious that the limiting value of the 

quotient, when a:, y, ... converge to a?o, yo» > 

subject to the conditions (A), will be found by- 

merely writing f-^J , (-^j , for X, J^, .... 

in every term, since both numerator and denomi- 

— J i^—^o) &c. and 
/dX\ 

= / — j (j?— ^0)3"^ • • • • = -3C (d?— j?o) + . . . . This equa- 
tion, which subsists generally only for small variations, is true 
without restriction when the functions F, F' . . . . are all linear, 
as we shall see afterwards. (Art. 46. Equation (2) ). 



l-j- ) = ; whence C-Co=i (-^) (j? — J?o)'+ ••• 
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nator are of the same degree with respect to X,Y, 

But after this substitution the value of {u — u^ be- 
comes identical with that of (Q — Oo)^. And there- 
fore calling G the limit in question, we have 

}__(dj^ ( dx\ j,(du\^ idy\ 

G ~ ^di)o \dxK ^dy/o KdvL "" 

\dx^ o \ay/^ \aY dXlo 

Or, the reciprocal of the weight of the determina- 
tion w = Wo is found by expressing fi— fi^ in terms 

of JT, P", Z, and then writing i-j-) , ( ;/-) 

instead of these quantities in the value so ex- 
pressed. 

I have introduced this investigation chiefly in 
order to shew the coincidence of the result with that 
obtained by Gauss {Theor. Comh. 29.) in the par- 
ticular case of linear functions, which will be con- 
sidered further on. It is proper to remark, how- 
ever, that there is no real distinction between the 
cases, since it is assumed that the small variations 
of any function follow the law of linearity. 

29- In the case in which the expression — -2 

d{u - Wo) 

obtains a constant value G by virtue of the condi- 
tions (A) Art. 27, we have without restriction 
y=^G .{u — u^) for the force acting on u when the 
system is disturbed by giving that variable a value 
different from w^, and G is the weight of the deter- 
mination u = u^. Also we have at once by inte- 
gration 

Q-Q,= G. («^-Wo)- (1) 
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an equation which is not identical, but subsists only 
in conjunction with the conditions (A). (The same 
equation is obviously true with the same restriction 
in all cases for small variations, G having the same 
meaning as in the last article.) It is easily seen 
that it gives the relative minimum of il, i. e. its 
least value consistent with any particular value of 
a; for the conditions (A) express the coexistence of 
the equations <li'l = 0, du — 0. 

If we suppose il^-^E to be the greatest value I 
which can possibly be attributed to ii, then the trucil 



G' 



i 



value of u must be between the limits u„±^- 
{Theor. Comb. Art. 30.) 

30. Since the equation of equilibrium 

Xdx+Vdy + Zdz + . . . = 0, 

is identically satisfied by the supposition il = con- 
stant, it follows that if we were obliged to give il 
any particular value il^ + Jt! different from Q^, there . 
would be no reason for preferring any one system 
of values of the variables consistent with this value i 
of ii, to any other. All systems which give the I 
same value to ii are therefore systems of equal plau- I 
sibility. Moreover on the same supposition (that [ 
Q.a-\-E is the true value of il), the value oi u (see ] 
the last article) would be in general completely in- I 

E' 

would be generally possible to give u any value be-., 
tween these limits without contradicting the con- I 
ditionn = !i,+ 7!;. 

31. If in Art. 27 we put » = Jo^il., then { 



determinate between the 1 



bO, tbe conditions (A) are satisfied identically, 
and we have at once 



-«,)' 



=1. 



I 



or the weiglit of the conclusion ^il—il^= is 
unity. If therefore we know a priori, or discover 
a posteriori, by means of the observations them- 
selves, (the mode of doing which will be explained 
afterwards,) that there is reason to apprehend an 
error of +f in a determination whose weight ia 
unity, it will follow that the value to be feared for 
Jl is £1 = iio 4- 1^- This equation may be considered 
as the expression of tlie uncertuiuty or ivunt qfpre- 
cision of the result of the observations. Also if 
u be any function whose most plausible value has 
been found = u„ with weight G, the error to be 

feared in this determination will be + —^^^j (see 

Art. 15,) which agrees with the conclusions of the 
last Article, 

32. The conclusions of this section admit of a 
simple geometrical interpretation when there are 
only three independent variables. In this case let 
X, y, %, be rectangular coordinates of a point in 
space whose position is to be determined by the ob- 
servations. The most plausible position is the point 
{x^ y^y %^ which we will call O, (determined by the 
equations ^=0, 1^=0, Z=0,) in which the forces 
arising from the observatioas balance one another. 
If it be placed in any position different from O, it 
is acted on by a force whose components are X, 
y, Z, parallel to the three axes. The equation 




I 
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n = £lo+ C will represent, if we give different positive 
values to C, a system of similar surfaces disposed 
round the point O, (which point is the locus of this 
equation in the case in which C=0). Each of these 
surfaces is a surface of equal plaHsihility. In fact, 
since X, K, Z are proportional {Art, 25.) to the 
partial diff. coefficients of il, it follows that if the 
point be placed anywhere on one of these surfaces, 
the force of restitution acting upon it is in the di- 
rection of the normal ; so that if it were forced to- 
be in that particular surface, it would be in equi- 
librio indifferently at any point in it, and there 
would be no reason for placing it at one point rather 
than another. 

If we suppose the value of a function « to be 
given = c, in other words, if the point be obliged to 
be in a given surface whose equation is a = c, it 
cannot be in equilibrio unless the force arising from 
the observations be in tlie direction of a normal to 
this latter surface. Its position of equilibrium will 
therefore be determined by the equations 

X ^ r ^ z (A) 

fill dtt du 

dx dij dz 
combined with u = c; and will obviously be at that 
point of the surface m = c in which it is touched by 
that one of the system of surfaces ^ = iX+C, which 
onli/ Just touches it. The equations (A) by them- 
selves determine the locus of this point when the 
parameter c is supposed to vary. 

If we denote' by f the same thing as in Art. 31, 
then the general uncertainty (or want of precision) 
of the result may be described by saying that the 




J 




observations determine, instead of a point, a space 
bounded by the surface whose equation is £1 = U, -»- c^ 



SECTION VI. 

33. The principles already established enable ua 
to find {in the general problem of the last section) 
the most plausible value of any proposed function 
of the unknown quantities, as well as the weight of 
such determination. But this weight merely ex- 
presses the number of concui-rent observations of 
the kind assumed as a standard, to which the deter- 
mination is equivalent. And therefore iu order that 
we may know what confidence it is actually entitled 
to, it is necessary that we should know what error 
is to be apprehended in a determination of given 
weight. If this is not known a priori, it must be 
estimated by means of the observations themselves ; 
and it is obvious that this can only be done by ob- 
serving in some way the degree in which they con- 
tradict given conditions. 

34. If the number of observations (or of the func- 
tions K, V, . . . .) he not greater than that of the un- 
known quantities x,y,x,,...., then there can gene- 
rally be no inconsistency in the results, and the 
estimation « posteriori of the errors fails entirely. 
But suppose a- to be the number of observations and 
T the number of unknown quantities ; then if o- be 
greater than r, we can generally obtain a~T essen- 
tially different equations of condition between the 

_ ^quantities V, V\ V", by eliminating jr, y, x, 

B And this may generally be done in an infinite 
^fc variety of ways. 




A 



) 
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Now each equation of condition, being of the form 
u = F{V, V, V",....) = o 
gives the true value o, of a certain function u of the 
unknown quantities. Ou the other hand, supposing 
K, K\ K", ... the values of V, V\ F", . . . given 
by the observations, the value of « deduced directly 
from them, (without taking into account the equa- 
tions of condition) is F (K, K', K", ....), and the 
weight of this deduction can be found (Arts. 19, 20). 
Thus we have at once the actual errors of a-~T 
determinations of known weights, and consequently 
a — T examples of the actual value of the product 
weight X (error)? The average value of this pro- 
duct deduced from the known errors of an infinite 
number of actual and independent observations 
would give the value to be reasonably feared in any 
particular case"". Now as the observations onlyfur- 
nish 0- — T examples, we must be content with the 
average deduced from them ; and, of course, the 
greater the number i — t is, the greater will be the 
right of this average to represent that of an infinite 
number. But since the o- — t functions u may gene- 
rally be chosen in an infinite variety of ways, it 
is necessary to inquire how they must be chosen 
in order that their values deduced as above may 
be really equivalent to the results of independent 
observations. 

35. The essential property of independent obser- 
vations is that the result of any one does not alter 
or modify in any way the result of any other, so 
long as no account is taken of any existing relations 
between the quantities observed. In this sense all 

'■ The square of the " error mediua metuendus" of GauBS. 
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^tual observations are independent. In the case 
before us, for instance, f^, J^\ F^'\ . . . have been 
given by actual observations equal to K^ K' . . . 
respectively ; and, if we take no account of the 
equations of condition, K would continue to be 
the most plausible value of V^ notwithstanding any 
alterations which might be made in the values of 
any of the other quantities in consequence (suppose) 
of new observations of them, or the discovery of 
their true values. 

But if u and t? be any two functions of V^ V ^ , 

and tt„ ^„ their values corresponding to V:=iKi 
V = K.\ . . » (i. e. their most plausible values as 
given immediately by the observations), then if any 
new value were given to ««, in consequence of a 
direct observation of that quantity, or of the dis* 
covery of its true value, i?, would generally cease to 
be the most plausible value of t?. So that the 
determinations « = «„ i?=:t?, are not generally en* 
titled to be considered as the results of independent 
observations. The question then is, what relation 
must subsist between the functions u and t?, in 
order that the most plausible value of one of them 
may not be altered by any direct change in the 
value of the other. 

36. The only case of this problem which it is 
important to consider, is that in which the functions 
u and 1) are both linear. Suppose 

u^iF-^vr+rr'+ .... 

then we have 

u, = lK+l'K'+ .... (a) 

v^^mK-^m'K' + (j8) 

d2 
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and if g9g\' ^ be the weights of the original 
observations, the weights {G and S) of the two 
determinations (a) and (j9) are given by the equa- 
tions (Art. 19) 

(^ g g 

Now if we assumed for u a value different from w,, 

the variations of f^, F^\ V^\ would be subject 

to the law of relative equilibrium (Art. 16), namely 

g{r-K) g'iV'-K') g"{V"-K")_ 

I - /' - r 

which implies (Art. 18) i 

-+ , + ... 

g g 

Im I'm' 

g g 

that is 

so that if 2< be different from «„ v vnXL be also 
different from v„ unless 

hn I'm' I'm", 

g g g 

which is therefore the condition of independence^. 



" It is easily seen that the same condition would follow imme- 
diately from the principles of Art. 1 8 of the Theoria Con^inationu. 
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If the weights g^ g\ * . . were all equal, this would 
reduce itself to 

/«H-/'f»' + rw''+... =0. 

87* If the functions u^ t?, were not linear, these 
conclusions would still subsist for smaU variations. 
We should only have to write instead of l^ m^ . . . . 
the values of the partial differential coefficients 

dV* dV* • • * ' corresponding to F'= K^ V = K'. . . . 

38. To return to the subject of Art. 34, it appears 
that if we can find o- — r linear equations of con- 
dition between the quantities F", F^\ V\ .... such 
that, taken two and two, their coefficients satisfy 
the conditions of independence (/), Art. 36, we shall 
then have the actual errors of o- — r determinations 
equivalent to as many independent observations of 
known weight. And the average value of the pro- 
duct weigfd X (errorf deduced from these examples, 
may be taken as the value which is to be feared in 
any determination of which the error is not given, 
with so much the more confidence as the number 
(T— T is more considerable. I shall shew hereafter, 
that when the functions V^ V^ . . . are all linear with 
respect to or, y, ss, . . . an infinite number of such sys- 
tems of <r — T equations can in general be found ; but 
that each system gives the same average value of 

the product in question, and that this value is — -^ , 

where Q^ has the same meaning as in the last 
section. 

In the case in which c — t = 1, there is only one 
system (consisting also of only one equation) ; and 
if <r = T there are no equations of condition, and the 





whole process fails ; in fact — 

indeterminate form -. 

It will follow (Art. 31) that the want of predion 
of the general result is expressed by the equatioq 



SECTION VII. 

39. The only case of the problem considered in 
the fifth section, which usually occurs in practice, is 
that in which the functions F, f^, . . . are all linear. 
For if, as is generally the case, the quantities to be 
determined are so nearly known that the powers and 
products of the errors of their approximate values 
may be neglected, we may take as the unknown 
quantities of the problem the corrections to be 
applied to these approximate values ; and the differ- 
ences between the observed values of the functions 
and their approximate calculated values will be 
linear functions of the corrections required, the 
coefficient of each correction being that value of 
the partial diff. coeff. of the function which cor- 
responds to the approximate values of all the uu- 
known quantities. 

40. Suppose then 

Since an observation of V whose weight is g is 
equivalent (Art. 14) to an observation of ,J^ . V 
whose weight is unity, we may consider the equa- 
tions o = 0, «' = 0, w" = to have been given by 

observations with weights respectively =1. Also, 
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since the functions F", V\ . . . are now supposed 
linear, we may assume 

Moreover we shall now have 

and, putting a^ + a'^ + ... =2 (a^) &c., 

dQ 

-i- ^ = X= 2(a2)a; + 2(aJ)y + 2(ac)85 + . . . + 2(a;fc) 

^ ^ = r = 2(aJ)a: + 2( J2)y + 2( Jc)« + . . . + 2(M) [ (i ) 
4 ^ = Z= 2(ac)a? + 2( Jc)y + 2(c2)« + . . . + 2(cifc) 



The most plausible values a?^, yo> »o> • • • of the 
unknown quantities are those which satisfy the 

equations -3r= 0, Y=: 0, Z= 0, 

41. Suppose that by the ordinary process of eli- 
mination the values of a?, y, z,. . . . were found from 
equations (1) as linear functions of JT^ Y, Z^. . . it 
is evident that the constant term in each would be 
its most plausible value^ and we should have 

y = yo + [^a] . JT + [/3/3] . r + [^7] . z + . . . . 

«=«o + [?«] • ^+ [yiS] . I^+ [77] • -^H- — 



in which [««], [ajS], .... merely signify constant 
coefficients, the first letter indicating the rank of the 
equation to which the coefficient belongs, and the 
second, the rank of the coefficient in the equation. 
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42. The weights of the determinations x = x„ 
y = y^, K = Zo, . . . . are the reciprocals of tlie coefE- 

cieiits [aa], {piSj, [77] respectively. For JT, 

Y, Z, . . , . express (Art. 25) the forces acting on x, 
y,z If therefore we give to x any value dif- 
ferent from x^, the conditions of relative equilibrium 
of the other independent variables are (as in Art. 26) 
1^=0, Z—0, . . . . and the first of the equations of 
the last artide gives, supposing these conditions, 

for the force acting on x ; whence it follows (Art. 8) 

that -p — - is the weight of the determination x = x„. 

In like manner, if the equilibrium of the system 
were disturbed by an alteration of the value of y, 
the relative equilibrium of x, «,.... would be ex- 
pressed by the equations ^= 0, Z= 0, . . . and the 

second equation of Art. 41 would give y= " f." * 

whence, fopn '^ ^^ weight of the conclusion y — yta 

and 80 for the rest. {Tkeor. Comb. Art. 21.) 

43. It is necessary for the consistency of the 
theory, to inquire whether the solution of the equa- 
tions ^=0, 1^=:0 will always give deter- 
minate values for the unknown quantities; or, 
which is the same thing, whether the elimination 
supposed in Art, 41 is always possible. I shall 
therefore consider this point before proceeding fur- 
ther. Now the elimination in question is always 
possible if the functions ^f, Y, Z,.., are mutually 
independent, i. e. if there exist no identical equa- 

k A 
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tions of condition between them. If there be any- 
such identical relations, it is easily seen that there 
must exist one or more linear equations. Suppose 
then that there is an identical linear equation, 
such as 

1 
/JT+awP^+wZ-f .... =-A (a) 

Smce JT = - ^, &c., it follows that Q must satisfy 
the partial differential equation 

of which the general solution is 

Now if the observations were absolutely accurate, it 
would necessarily be possible to satisfy the equa- 
tions jr=:0, 1^=0,... all at once, since they are 
merely particular combinations of the equations 
i? = 0, t?' = 0,.... (namely jr= 2 (««?), F = 2(ft«?)...), 
which could not then be inconsistent with each other. 
We see therefore from equation (a), that on this 
supposition h must = 0, and 12 must be of the form 

Q^F{mx — lyyny—mz9.... ) (12) 

whence it follows immediately that fi would remain 

' o The number of the terms mx—ly, ny — mz, is equal to 

that of the variables ; the differeuces being taken by writing a?, 
y, z,., , in any order, and combining the Ist and 2nd, 2nd and 
3rd, 3rd and 4th, .... last and first. 
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constant if, a,$,y,.... being any arbitrary constants, 
ss, y, %,... varied subject to the conditions 
x + a y + j3 _ g + y _ 
I ~ m ~ n 
Consequently the equation S3 = 0, which is equi- 
valent to the system of equations UisO, «' = 0, 

p" = 0, would be insufficient to determine x, 

y, %, .... It appears then that the req^uired elimi- 
nation cannot fail, unless the functions V, tf are 

so constituted that the observations would be insuf- 
ficient to determine the unknown quantities even 
supposing them accurate; a case which, of course/ 
never occurs in practice. 

It may be observed, that the equation (;S) in fact 
leads to the same conclusion directly, since the aup- 

, ^ , dx du d% «. - , 

positions A = and -i- = -^= — = ... are sunicient 
*^ I m n 

to reduce that equation to dQ = 0, or ^^constant. 

(Theor. Comb. Art. 23.) 

44, Since the function S3, from its nature, neces- 
sarily admits of a mimmitm value, it must in fact 
be always possible to satisfy the equations X=Q, 

1^=0, all at once, whether they are sufficient to 

determine a single system of values of x, y, «.,... or 
not. And therefore the constant h of the last article 
must equal 0, whatever be the errors of the observa- 
tions, and not merely on the hypothesis of their 
accuracy. This shews that if accurate observations 
would be insufficient, they can never appear to 
become sufficient in consequence of errors. 

It is worth observing, that since the equation (£3) 
(Art. 43) represents in all cases the form of Q on the 
supposition that there exists an identical linear equa- 
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tion ljr+mY-{- ^.. =0, if we suppose only three 
unknown quantities, and consider them as coordinates 
of a point in space, the equation = 0^ + ^^ which, 
if € be arbitrary, represents (Art. 32) any surface of 
equal plausibility 9 becomes 

which is the general equation to cylindrical sur^ 
faces. In fact the equation l^-k-mY^nZ^O 
merely expresses the condition that the normal is 
always at right angles to a fixed line. Let x^^ y^y s^, 
be any system of values which satisfy the equation 
Q = Q^ then since the value of Q is unaltered as long 
BB Xj y, z, are subject to the condition 

I m n 

it follows that this formula represents the most 
plausible position of the point {x, y, z); which is 
therefore not a determinate pointy but a determinate 
straight line, and is obviously the axis of all the 
cylindrical surfaces of equal plausibility. 

In like manner, if we supposed two equations of 
condition, the normal to the surface Q = Qo + €^ 
must be at right angles to two given lines, i. e. to 
one given plane. And therefore the surface in 
question (since Q is of the 2nd degree) must consist 
of two parallel planes. In fact, since the two linear 
equations are equivalent to an expression of the 

form — = — =— , it is very easily seen? that the 

\ [A, V 

P For we have 

X_Y Z Xdx+Ydy + Zdz _ ^Q _dQ 

X""ji^"""i'"" \dx -\- fjdy -{- pdz ^dOix+fiy-^-pz+ic) dw 

ft»ppo8e. Therefore dSl^jdw, whence X must be a function 



i 
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form of Q can be no other than 

so that the equation Q = Q^ + e^ resolves itself into 

which represents two parallel planes at equal dis- 
tances from a plane of greatest plausihility cor- 
responding to € = {x^y yo5 «o> signify as before, any 
system of values which satisfy the equation Q = Q^). 
45. We will now return to the general subject. 

^. 1 dQ ^IdQ dx IdQ dy 

^^"^^ 2Zr""2S^ rfx+2% rfx"*"-- 

= [aa] X+ [/3a] F+ [ya] Z+ ... (Art. 41.) 

and in like manner 

\ ^= \a0] X+ [/3^] F4- M Z+ ... 



the conditions , ^ ,_ = ,„ , ^ , &c. give 

dXdY dYdX ° 

[«^] = [^a], [iSy] = M, &C. 

(Other properties of these coefficients may be seen 
in the Theor. Comb.) 

46. Since 2 (a2)a?, + 2(ai)y^ + .... + 2(a>fc) = 0, 
the value of JT may be written (Art. 40) 

X=S(«2)(-r-a:,) + 2(ai)(y-yJ + ... 

of w, and must also be of the first degree, since O is of the 2nd. 
The same must be true of Y and Z. So that we may obviously 

X Y Z 

assume, {k being arbitrary,) -=— =-=C.t(? whence (^12= C . 

wdw, and the proposition in the text follows immediately. 
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or, putting x^x^^oi, y-y^-^,.... 

X=S(a2).x/ + S(ai)j^+S(ac)s^+.... 

and similarly 

Z= 2 (oc) ^+ 2 (ic) y + 2 (c2) s^ + ... 

&c. and these are the values of the partial diff. coeffi* 
cients of ^Q taken with respect to x^ y, as,... or, 
which is the same thing, with respect to x\ i/^ z\... 
Hence, integrating, and observing that Q = Qo cor- 
responds to 0^ = 0, ^=3 0,... we get 

Q=Q,+2(a2)a?^ + 2(i2)j^+ ... + 22(a%y+...(l) 

an equation which it is otherwise easy to prove 
directly. It is evidently equivalent to the fol- 
lowing, viz. 

= Qo + -^^+iy + ^^+-.. (2) 

Also, putting f?o, v\,....^ for the values of v, «?'... cor- 
responding to ^ = ^o»—- since -X^= 2(af?), Y= 2 {bvy, 
•... we have 2(aro) = 0, 2(Jt?o) = 0,.... and therefore, 
multiplying the equations 

&c. by f?o, v\, v'\, . . . respectively, and adding^ 

Wo + t?Vo + t?Vo + . . . = 2 (t?oA) 

consequently (since 2 (Vo^) = 0^)^ 

Qo = 2(t?,A) 
and 

2(w„)=Q„ (8) 

4 These values must be carefully distinguished from those 
represented by the same notation in section IV. 
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If we multiply this equation by 2, and subtract it 
from the following, viz. 

we find 

which exhibits the condition of a minimum in the 

most obvious form. ( Theor. Comb. Art. 26.) 

Another expression for Q may be obtained by 

dSi dQ 
integrating the values of ^^ ^v*' * * ' ^^^^^ ^^ 

Art. 45, viz. (observing that = 0^ corresponds 
toX=0, F=0, ....) 

47. Problem. To find the weight of the deter- 
mination u = u^, where u is any linear function of 
Xf y, z^... and u^ its most plausible value. 

Suppose « = Za? + «»y+w« + . . . + A 

then tto=&o + »^yo + »«o+- -.+*. 

Also, when a?, y, ss, ... are expressed (Art. 41) in 
terms of JT, Y^ Zy. .. suppose the value of u 
becomes 

tt = tt^ + aX+ )IBF+ CZ+ . . . 

If the system be disturbed by giving u a value 
different from tt^, we have (jT being the force acting 
on u) 

fdu = \dQ = Xdx + Ydy + 2!(cfe + . . . 



and the conditions of relative equilibrium are 

f=^=f= M) 

I m n 
whence ^Art. 18^ 
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/a + mUB + »(C + . . "" Ida + mdy + 9f i/x 

_ 1 ^_ 

or 

which shews that the weight G of the determination 
u=zUq 18 given by the equation 

^ =/a + «»)iB +«€+.. . 

Another expression for G may be obtained thus. 
Since 

multiply the several terms of the equations in 
Art. 41 by the reciprocals of these quantities, and 
there results 

«-^o=/(^M+«» la0] +n [ay] + . . .) 

y-yo=/(^M+«»[iSiS]H-»[i8y]+...) 

«-«o=/(^[7«]+«»[^7] +»[77] + .. ) 
&c. whence, multiplying by l,m,n,... and adding, 

U'^U^:=zf. {/2 [aa] + f»2 [^^] j^ -\-2lm\a0] + ...) 

or /= G . (« - «o) 

where j^ is the expression which would result from 

writing ly m^ n,. . . instead of JT, Fi Z, . . . in the 

value of Q — Qo ( (5) Art. 46). This agrees with 
the general theorem of Art. 28. See also Theor. 
Comb. Art. 29. 
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48. Since 

we have by integration 

an equation which subsists only in conjunction with 
the conditions {A). (See Aii;. 29.) 

The equation which determines systems of equal 
plausibility is as before (Art. 30) 

and if we suppose the arbitrary c^ to have the 
greatest value which is to be reasonably feared, 
the same equation (Art. 31) is the expression of the 
general want of precision of the result. The error 
to be feared in the determination of the function u^ 

€ 

is ± sj^ 9 which becomes in the particular cases of 

U^X^ U=y, U=:Z, .... 



+ e>y[aa], ± €^[/3i8], ±€.^[77], . . . respectively. 
(Art. 42.) ( Theor. Comb. Art. 30.) 

It is to be remembered/ that these extreme errors 
are not to be apprehended for x, y, z,... all at 
once ; if we suppose for example the error of x to 

be + e^[aa], we have only to fear for y, «, . . . 
such combinations of errors as may be consistent 
with the equation Q = Q^ + A 

I now proceed to shew how the value of e^ is to 
be estimated a posteriori. 
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SECTION VIII. 

49. Let cr be the number of observations, or of 
the Ainctions v^ v\. . . and t the number of unknown 
quantities x^ y,z, . . . . 

If We take any system of a coefficients 

4 ^j * » 

which satisfy the t equations 

&c. or S(a/) = 0, S(W) = 0, we have identically, 

/r + ^f/ + rt?'' + ....=tt + ^>fc' + rr + .... (2) 

or 2 (Iv) = 2 (Ik) 

Now the observations gave t? = 0, «?' = 0, . . . . with 
weights =1 respectively; so that the value of 
S(fo) deduced immediately' from them is 0, and 
the weight of this determination would be (Art. 19.) 

the reciprocal of P-^P-^n + or of 2(/^). If 

therefore we assume, for convenience, in addition to 
the equations (1) the further condition 

S(/2) = l 

we shall have, by (2) the actual error ^ of a deter- 
mination whose weight is unity, viz. 

{supposing errors positive which give the quantity 
to be determined too small). 

r i. e. Leaving out of sight the existence of equations of con- 
dition, and treating v, v, ... as if they were independent. 

E 
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Inasmuch as the elimination of the t quantities 
a?, y, «, . . . between the a equations 

&c. can only produce o- — t essentially different equa- 
tions of condition between v, v\ . . . . it follows that 
we can in general find o- — t essentially different equa- 
tions such as (2), and no more. That is, if a — t = i, 
we can find i distinct identical relations between 
t?, v\ v^\ .... viz. 

where each of the i systems of a coefficients 

3' 3^ 3 •••• 
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is subject to a system of t equations 

2(a/) = 0, 2(W) = 0, 

Moreover it is evident that we may add, not only 
the i conditions 2 (//) = !, 2(4») = l„..2(/;2)=3i 
which will give unity for the weight of each of the 
determinations (derived directly from the observa- 
tions) 

2(/,t?) = 0, 2(/,t?)=0,. . .2(/it?) = 

«(« — !) 
but also the — - — conditions 

2 

2(//,) = 0, 2(//3) = 0, . . . . 2(y,) = 

which (Art. 36) will make these determinations 
mutually independent. For the whole number of 
coefficients is oiy and the whole number of conditions 
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assumed will be iT+i+ -^— — '- = if a — ^)' 

which is less than ci^ except in the extreme case in 
which 1 = 1, when it becomes equal to ai. 

If then the number of observations only exceed 
that of the unknown quantities by unity, there is 
generally only one way of choosing the coefficients 
ly l\ . . .. SO as to fulfil all the conditions supposed. 
But if it be greater, these quantities may be chosen 
in an infinite number of different ways, each of 
which however will, so far as our present purpose is 
concerned, lead to the same result, as will appear 
immediately. 

50. Upon the whole, we can find the actual 
errors ^, = 2(/,Ar), e^:=^{ljt) . . • . ^, = 2(/iA) of i 
independent determinations whose weights are se- 
verally unity. 

Now since «?, v\ v'\ are subject to the i 

equations of condition 

S( l,v) = 2 (/,A), 2 {l,v) = 2 {IJc), ... 2 {l,v) = 2(/,^) 
and to no others essentially different from these, it 
follows that the minimum value of Q or 2 (t?^) 
would be determined by the system of equations 

2(t?rft?) = 0, 2(/.rf«?) = 0, 2(/,rfi?)=0, 

or, which is the same thing, by the equations 

v'=PJf, + PJi\-^....^P,l\ 

&c. where P„ -P,, . . . . P^ are indeterminate multi- 
pliers. If we multiply these equations by /„ /'„ .... 
respectively, and then add them, taking account of 
the conditions assumed in the last article, we get 

2(/,r) = P, or P, = 2(/,A) = ^, 

E 2 
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similarly, using successively each system of coeffi- 
cients / as multipliers, we should find 

and therefore the equations above written become 

v' = ej\ 4- ejf^ 4- . ^ . + ^/j 

&c. and these are the v&lues of i?, «?',..• which make 
Q a minimum. If we now add their squares, we 
get immediately (by virtue of the conditions) for 
the minimum in question, 

51. It appears then that the observations them- 
selves can be made to furnish, and generally in an 
infinite variety of ways, the actual errors of <7 — t 
independent determinations of which the weight is 
unity, and the equation just established shews that 
the sum of the squares of these errors is always 
equal to fto« The average value of the square of 
the error of such determinations is therefore 



cr — T 



judging from these cr — t examples ; and as we have 
no other examples, we must be content to take this 
average as the representative of the quantity e^ (Art. 
48), or of the square of the error to be feared in any 
determination whose weight is unity. The true 
value of this quantity would be the average taken 
from an infinite number of instances ; in proportion 
therefore as the number o- — r is greater, the greater 
will be the confidence with which the value just 
found may be taken as the true one ; but however 
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small a-^-T may be, i.e. however small the proba- 
bility of the truth of the equation {a-—i)e^=:£l^j the 
value of €^ derived from it is always the most plau- 
sihle value, since there is nothing to decide whether 
it ought to be diminished or increased. 

The equation Q = M + \ Q^ is therefore, as 

was stated by anticipation in Art. 38, the best 
representation which can be got of the general want 
of precision of the result. And the error to be 
feared in any determination u = u^^ whose weight is 

52. These results correspond in a remarkable way 
with those furnished by the theory of probabilities. 
It is proved namely (see Theor. Comb. Art. 38) by 
that theory, that if fA? be the true value of the quan- 
tity denoted above by €^, that is to say, the average 
value of the square of the error of a determination 
whose weight is unity, deduced from an infinite 
number of instances; and M the average value 
which Qq would have on an infinite number of 
repetitions of the system of observations supposed in 
the problem, then 

CT — T 

and as M is unknown, the best representative of 
its value is the value of Q^ ^^ ^he actual case, 

so that the most plausible value of /x^ jg — <> ^ ag 

above. 

Thus the theory of probabilities shews that equa- 
tion (1) is true when [j? and M have the average 
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values which would be deduced respectivelj from an 
infinite number of cases. The investigations of the 
present section shew that the same equation is true 
when p? and M have such average values as can be 
obtained from the actual case; which furnishes 
(T— T instances for the former, and one instance for 
the latter quantity. 

53. I shall conclude this subject with a geome- 
trical illustration, which throws considerable light 
upon it. 

Suppose three direct observations, with weights 
respectively equal to unity, have given 

I9 ^9 ^9 being rectangular coordinates of a point in 
space, whose position is to be determined. Suppose 
moreover that the point is known to be in a certain 
straight line passing through a given point and in a 
given direction. This is equivalent to assuming 
two equations of condition 



r{l - a) + m\yi - 6) + w'(?- c) 
together with the relations 



::} 



(1) 



/ cos a+m COS 0-k-n cos 7 = 



\cosy:=\} 1 
cos yz=.0 J 



tcos a + m'cos 13 + n^cos y 

where a, ft, c, are the coordinates of the given pointy 
and a, 13, 7, the given angles which the line makes 
with the axes of coordinates. For, the conditions 
(2) being supposed, the equations (1) obviously 
represent two planes whose intersection is the line 
in question. 
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Now we deduce directly from the ojiiservations 

and I'i + m'yi + w'f = 

the errors of which deductions are by (1) 

e=ila + mb + nc 

If we further assume 

then e and e' represent the perpendicular distances 
of the origin, (the point assigned directly by the 
observations) from the two planes (1), in each of 
which the point really is. The same conditions 
also express that the weight of each of the two 
deductions above written is unity, (Art. 190 ^®' 
us also assume 

U' + mrn! -{-nn' = 
the two deductions will then (Art. 36) be inde- 
pendent. This last assumption only expresses that 
the two planes (1), whose intersection determines 
the given straight line, are at right angles to one 
another. All the conditions thus assumed may be 
satisfied in an infinite variety of ways, since the 
two planes may still turn round the line of their 
intersection, remaining always at right angles to 
one another. But whatever particular position we 
give them, subject to these conditions, it is obvious 
that the sum of the squares of the two errors ^, ^, 
that is of the distances of the origin from the two 
planes at right angles to one another, will always 
be the same, and will be equal to the square of the 
perpendicular distance of the origin from the given 
line round which they turn ; which is also evidently 
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equal to the least value which P + »!^ + ^, or 0, 
have consistently with the given conditions. 

The most plausible position of the point is then 
that point of the given straight line which ia nearest 
to the origin ; and the best expression to be got for 
the want of precision of this result is 

f2 + ^^ + r' = il„+e2 
where i\ is easily found to be equal to 
{bcQsy —ccos^f' + (ccosct — acosy)'^ + (acosjS + icosa)*', 
and €^ is the average value of the (error)'* of a)' 
determination whose weight is unity, taken from 
the two actual instances e^ and e"^ ; or e'^^^ii^. 
Thus the observations may be said to have deter- 
mined, not a single point in the given straight 
line, but a portion of it cut ofl" by the sphere whose 
equation is 

£^ + ,2 + j2^.jIl^ 

of which portion at the same time the middle point 
is the most plausible position. 
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SECTION IX. 
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54. The form of the functions X, Y, Z, . 
(Art. 46) naturally suggests some considerationrf' 
which, though not likely to be practically useful, 
are nevertheless interesting in other respects, and 
tend to illustrate the subject generally. I shall 
therefore make no apology for introducing them 
here. Let x~Xa = af,... as before, and let us 
examine the consequences of assuming 

X r z 
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Since each of these fractions would (Art. 18.) be 
equal to _,_^2_,^-__ 

or, (Art. 46) to —^% if a/^-i-t/^ + z'^+ ... =r2, 

we should have, putting ——-2 = ^, 

or, (writing for X, 1^,Z, . . . their values, and putting 

^ 1 y' ^ \ 

-z^^y ^ = ^'^»r = ^»---- ) 
T r T / 



(2(a2)_*U+2(ai)j»+2(ac)«+ ... =0 
S(ai)/+(2(52)_*)jra + 2(ic)«+ ... =0 
2 (ac)/+ 2(5c)»» + (2(c2) -.?)»+... =0 
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together with the condition 

/2^.j^2^^2+ .... ==1 (2) 

These equations are merely a transformation of the 
assumed conditions {A ) . 

The elimination of all the quantities l^ m^ n^ . . . . 
from equations (I) would give a single equation for 
determining *, and to each real value of s would 
correspond a system of real values of l, m^ n,.. .» 
and the assumptions (A) would then be satisfied by 

supposing - =2L = - = .... (^) 

and giving /, m, 72, . • . . any one of the systems of 
values thus obtained. 

55. Let T be the number of the quantities x^ y, ss, 

. . . or JT, y, Z, Then there are t equations 

(1), and the result of the elimination of /, «», ^, . . . 
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will be of the degree t with respect to s ; for it will 
contain, as is easily seen, the product 

(S(a2)-^) (2(J2)-.^) (S(c2)-^) 

(In fact, if we eliminate / between the first equation 
and each of the rest, we shall get t — 1 equations 
free from /, and the coefficient of m in the first of 
them will contain the term C2(a^) — s) (S(J2)— ^\. 

If we then eliminate m between this first equation 
and each of the rest, we shall get t — 2 equations 
free from m, in the first of which the coefficient of n 
will contain [^{a^)-s) (S(*2)_^) (S(c2)-5). 

And so on till we arrive at a single equation free 
from all the quantities /, m, ti, . . . . and containing 
the product of all the factors above written.) 

Let *„ *2, *3, .... be the r roots of this equation, 
(which we will denote by S=0)^ and /„ w,, »„ . . . . 
the values of l^ m^ n, . . . corresponding to s^ ; 4, *»,, 
«a, . . . those corresponding to s^ ; &c. We have 
then from the first of equations (1) in the last 
article 

2(«^)/i+S(«J)w^, + 2(ac)w,4- ... =*i/i 
2(a2)4 + S(aJ)w^, + S(«c)7l,+ ... =*,/, 

with two similar equations from each of the rest. 

Eliminating S(a2), S(i2), l,{c^) . . . respectively 
from these successive pairs of equations, we get, 

(l,m,'-l,m,) 2(a6) -I- {kn^—hn,) S(ac) + . . . =(«,— 0^i^« 

(mX—mJ,) 2(6a) + {m^n^—mji,) I,(hc) + . . . = («,—«,) m,m, 

(nj^—nji) I,(ca) + (w.rWa— 7i,m,) 2(cJ) + . . . = («,— O nji, 

&c. If we add these equations, the terms on the left 
side mutually destroy one another, and the result is 

(^a-"*i) ( A4 + «Wi»«a + Wi^a + )=0 (I) 



}(X, 
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and consequently, unless the two roots ^„ «, are 
equals 

56. The equation (I) just proved, leads very 
easily to the conclusion that all the roots *, ^^ . . . . of 
the equation /S'=0 are necessarily real. 

For, if possible, let * „ s^^ be a pair of conjugate 

roots, and suppose *, =j9 — q ^ —l^s^ =p -f g^ >y/ — 1- 
From the symmetry of the conditions (1) and (2), 
Art. 54, it follows that the values of /„ /„ «»„ m^,.... 
will also be respectively conjugate, so that we may 
assume 



/j = A — a^ — 1, »l,=/x— ^^ — 1, .... 
4 = A + a>^— 1, «»a = /x + i8>^ — 1, .... 

and equation (I) of the last Article becomes 

Now the last factor cannot vanish unless 

A = 0, jx = 0, . . . a = 0, /8 = 0, . . . . 

which would contradict the equations 

// + «»/+ .... =1 

and therefore we have necessarily 

which proves that if there be a pair of conjugate 
roots, they are not imaginary, but real and equal ; 
and consequently there can be no imaginary roots. 
57- Since the roots of the equation S=zO are all 

real, and are moreover particular values of — -«— ^> 
which is essentially positive, they are also necessarily 

» See Candiy's Ejeerdceg de Math6maifues for 1828, p. 9. 
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all positive. (The reality of the roots depends only 
on ft — fto being a homogeneous integer function of 
of J i/^ z\ ... of the 2°^ degree ; but they would 
not necessarily be all positive if ft — ft^ were not 
essentially positive.) Let the reciprocals of the roots 

be denoted by A\ B\ C^, 

Now let the variables x\ ^, »',... . be expressed 
in terms of new independent variables f , >?, f, . . . 
(the same in number) by means of the equations 

^' = /,f 4-4^4-/3?+ ... 

.V . . . • 

the relations already established between the co- 
efficients give . ' , 

and also 

fsr: I^X' + m^l/ + W38S' + . . . 



These last equations shew that the values of x\ y'^ z\ 
. . . expressed as above, are themselves independent. 
And since the equations (a) must become identical 
when the values (/3) are substituted for f, ^, ?, . . . 
we get the additional relations between the co- 
efficients 

^/ + /a' + ^3"+ ... =1 l^m, + l^m^^i^l^m^+ ... = 
fn,^+m/ + mJ'+ .. . =1 



Now equations (a), multiplied respectively by ^(a^), 
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l,{ab)9 ^{ac)y . . . and added, give by virtue of the 
conditions (1) &c. of Art. 55, 

and similarly (multiplying by S(aA), 2(6^), ... and 
so on) 



multiply these last equations by x'y y\ z\ • . . . and 
add, and the result is 

or (Art. 46, Equation (2)) 

Thus the expression of the want of precision of the 
general result becomes 

an equation which, if e be arbitrary, also determines 
the systems of equal plausibility. 

58. If we give to f, 77, ?, . . . any values different 
from their most plausible values (f = 0, ^ = 0, . . . .) 
and call^, ^ ^5 . . • . the forces respectively acting 
upon these variables, we have (as in Art. 25) 

and therefore 

These equations shew that the weights of the de- 
terminations f = 0, 1^ = 0, ?= 0, . . . . 

Ill 

are respectively —. ---, --, ... i. e. they are the 

roots of the equation ^5=0. The same equations 
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shew that these determinations are mutually inde- 
pendent; for since the force on each variable de- 
pends only on its own value, its equilibrium is 
unaffected by any alteration made in the values of 
the others (see Art. 35). 

Thus the original system of cr observations of 
«?, v\ «?", . . . . iis equivalent to a system of t observa- 
tions of the independent linear functions ?, ^, f, . . . . 
giving their values respectively = 0, with the 
weights stated above. There exist however an 
infinity of other systems of linear functions possess- 
ing similar properties. For let 

&c. then we shall have 

Q — Q 4- — 4- — J- i— 4. 

if the coefficients be assumed so as to fulfil the con- 
ditions 

J? W' C^ ^' 



and if 



-^2 „ 2 y 2 



A^" A^^ B^^ C^ 



and it will appear exactly as in the former case, 

that the determinations f = 0, >;' = 0, f' = 0, are 

independent, and that their weights are respectively 

A^' B^* C'2' 
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Since the determinations f = 0, i^ = 0, ?= 0, . . . . are 
equivalent to the results of independent obser- 
vations with weights 

j^ 1 2, 

^2' ^2» (72" •• 

it follows (Art. 19) that if « = Af + /xi? -f v?+ be 

any linear function of those quantities, the weight 
G of the determination of u is the reciprocal of 

A2^2 + ^2^2 + ^(72 + __ 

The same expression is also easily derived from the 

/70 

equation G = -^-? ro> with the conditions of re- 

lative equilibrium -^= "to= .... (Art. 29.) 

The conditions (1) and (2) lead easily to a set oF 
reciprocal conditions involving as a consequence 

A'^^B'^ + C^^.... =^2^^ + C2 + 



The functions f, >;, f, . . . may be called the principal 
linear functions ; and any system f, ^', f', .... a 
system of conjugate linear functions. 

59. The geometrical interpretation of the pro- 
positions of this Section, in the case in which there 
are only three unknown quantities, is so obvious^ 
that it will be sufficient merely to state it. 

Let 0?, y, «, be considered as the rectangular 
coordinates of a point P whose position in space is 
to be determined by the observations. The most 
plausible position of P is the point whose coor- 
dinates a^o yo ^o ^re determined by the equations 
-X"=0, 1^=0, Z=zO. And if we remove the origin 




to this point, we have for the equation to any 
surface of equal plausibility 

+ 22(eo)s'a;' + 9.X{ab)x'iJ = ^ 

This equation, if different values be assigned to €, 
represents a system of similar and concentric ellip- 
soids, whose principal axea are proportional to the 
square roots of the reciprocals of the roots of the 
equation " 

. (2{«2) - .) (2(i3) -s-) (2{c^) - 8)-CL{bc)y X 
(2(«3) - ^) _ (2(ca))2 (2(i3) - *) - {T{ab)y x 
(2(c2) -*) + 2 2(6c) . 2(co) . 2(a6) = (5) 

and the three systems of values of /, m, n, deter- 
mined by the conditions assumed in Art. 54, are the 
cosines of the angles which these principal axes 
make respectively with the original axes of coordi- 
nates. 

If we call f, ^, f, the coordinates of any point 
referred to these principal axes, the equation to any 
one of the ellipsoids becomes 





^2 + ^i+C2-' 


2 




where -jj- 


W C "'' "" 


roots 


of the equa- 


lion (*). 


The particular ellipsoid 


corresponding 



* The reality of tlie roots of this equation has been alrendy 
demonstrftted indirectly. In this case, in which the equation ia 
only of the third degree, it can be also proved directly that S 
changes its sign three times between s^ — ca and s^ + oo . See 
Caachy's paper referred to above. 
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(where o- is the number of observations) 

represents the want of precision of the result, since 
we have to apprehend that the point P may be 
anywhere within it. 

If the point be placed anywhere on the surface of 
one of the ellipsoids of equal plausibility, the force 
of restitution is in the direction of the normal, and 
proportional to the distance of the tangent plane 
from the centre. Or, which is the same thing, if 
the point be displaced along any diameter, the force 
of restitution is perpendicular to the conjugate dia- 
metral plane, and proportional to its distance from 
that plane : and conversely, if it be displaced by 
being forced to be in any given plane not passing 
through the centre, its position of equilibrium is the 
intersection of that plane with the diameter con- 
jugate to the parallel diametral plane. If >4 be the 
greatest of the quantities A, B, C, and C the 
least, the direction of the axis of ^ may be called 
the direction oi greatest jtrecision, and that of I the 
direction of least precision. For, since 

PA"^ + m^B^ + »2C2 
is necessarily intermediate between the greatest and 
it follows that 



least of the quantities ~ 



the weight of the conclusion ?=0 is greater, and 
that of 1=0 less, than the weight of any such con- 
clusion as l^+mr,+ n^ = 0, with the condition /^ + 
m^+u^=l: that is, it is more certain that the point 
is in the principal diametral plane of |ij, and less 
) certain that it is in that of vi^, than that it is 
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in any other diametral plane whatever. And gene- 
rally, the want of precision in any direction is mea- 
sured by the distance from the origin to the plane 
which is perpendicular to that direction, and touches 

the ellipsoid corresponding to e^ = ** 



The original observations giving t? = 0, «?' = 0, 

with weight = unity, are equivalent to observations 
of the distances 8, y, . . . of the point P from the 
planes whose equations are ax -\' by -\- c% = k^ olx + Ity 

■\-d%:=k\ giving S = 0, 8' = 0, with weights 

expressed by a^-\-b'^ + c\ d'^ + J'^ _)„ c'^, . . . . respec- 
tively, (since the distance S of any point (a?, y, %) 

V 

from the plane !?=:0 is -7^^=;^ — ^J. It appears 

from what precedes, that this whole system of ob- 
servations may be considered equivalent to three 
direct observations of the distance of the point from 
three planes at right angles to one another; the 
principal diametral planes, namely, of the system 
of ellipsoids determined as above, and that the 
weights of these supposed observations are inversely 
proportional to the squares of the principal axes. 

60. The general equations -X"=0, Jr=0, Z=0 
might, in this case of three unknown quantities 
only, have been deduced directly as follows. 

The observation which gives «? = with weight 1, 
gives for the distance 8 of the point P from the 
plane {ax -hbi/ + cz = k\ with weight = a^ + ^2 ^ ^^ 
Consequently, when P is placed at any point (a?, y, 
%) out of the plane, it is acted on (Art. 9) by a force 
= (^24 ^2 ^ ^j i^ Qj. xi^d^^lp' 4- c2, urging it towards 
the plane ; and the components of this force parallel 
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to the three axes of coordinates are av^ bv, cv^ since 
a perpendicular to the plane makes angles with the 
axes whose cosines are a, i, c, divided respectively 

by >y/a2 4- b^ + cK Each of the other observations 
gives rise to a force which may be similarly re- 
solved ; and thus we have for the conditions of equi- 
librium 2 {av) = 0, S {bv) = 0, 2 (ot) = 0, or X=0, 
F= 0, Z = 0, as before. 
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APPENDIX. 



A. 

All direct domonstrations of the parallelogram of forces, 
all those, namely, which are founded strictly on the con- 
sideration of forces applied to a single point, require the 
assumption of the principle of homogeneity in some form ; 
and this principle itself may be regarded as a particular 
case of a more general law which may be expressed as 
follows : " All fundamental laws of nature are strictly in- 
telligible." If this assumption bo allowed, it follows at 
once, for instance, that the resultant of two equal forces 
acting on a point bisects the angle between them ; because, 
if not, its position could not be intelligibly explained : or 
again, that if d he the angle between two forces, each 
equal to P, and R their resultant, then the relation between 
these quantities must be of the form R=P/{d), because 
if the equation were not homogeneous with respect to R 
and P, it would be unmeaning unless the unit of force 
were given, and this unit could not be intelligibly defined. 
(The equation need not be homogeneous with respect to 0, 
because angular magnitude has a natural unit which can be 
intelligibly defined.) It is plain, however, that the legiti- 
macy of this assumption (of strict intelligibility) can never 
be established by mathematical reasoning, but must rest, 
f it is to be established at all, upon a metaphysical proof. 
Whether it be or be not possible to find such a proof in fact, 
is a question on which it is sufficient to say here that it is 
un philosophical to assume beforehand, that is, before the 
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examination of any particular system, either the affirmative 
or negative of it. 

The same may be said of the principle of continuity 
alluded to p. 7, note *^, which must be assumed in order to 
establish directly the theory of parallel forces. In this 
case, the assumption is not only that the law must be 
strictly intelligible, but also that the expression of it shall 
contain no arbitrary number. If i? be the resultant of 
two parallel forces each equal to P, and a the distance 
between them, then we know that jB=2P when a=0, 
and if we supposed B=2nP when a is not =0, n being 
any constant number, such a law would be perfectly intel- 
ligible ; the only objection to it would be that the num- 
ber n must be essentially arbitrary^ that is, it would be a 
number not determined by anything in the conditions of the 
problem. Of course it is impossible to justify such an as- 
sumption as this (the exclusion of arbitrary numbers) by 
mathematical reasoning. It may be observed also that it 
would be refuted by such instances as the occurrence of the 
number St in the law of gravitation, unless it could be 
shewn either that such a law is not fundamental in the 
same sense as the laws of force, or, which is probably true, 
that the number in question is not arbitrary, but is deter- 
mined by something in the conditions of the case. (On the 
subject of homogeneity, see also some remarks appended to 
Professor PowelPs paper on Parallel Lines, printed for the 
Ashmolean Society, 1842.) 

B. 

The preceding essay does not, as it is hardly necessary 
to say, profess to be either a complete or a practical expo- 
sition of the subject, and therefore everything has been 
omitted which was not more or less directly connected with 
the particular mode of treating it adopted in these pages. 
Nothing, for instance, has been said on the subject of con- 
gta/nt errors. In fact, since it is the business of the observer 
to discover and correct them, we may properly assume 
that the observations are free from all but accidental 
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errors. Again, in Professor Gauss's treatise so often 
referred to, the three integrals yi</) (x) dx^ fo'^<i> (^) dx^ 

yi* </) {x) flte, are employed ; the limits of the integration 
being — ao and + oo in each, and <^ {x) dx being the ex- 
pression of the probability that the error of an observation 
lies between x and x-i-dx. The first of these integrals is 
the constant ^rroVy and is assumed =0. The second is the 
average value of the square of the error, and its reciprocal 
is assumed to measure the weight of the observation. The 
third is the average value of the fourth power of the error; 
and certain propositions are established by means of it, 
which have nothing corresponding to them in the present 
essay ; an omission, however, of which the importance is 
diminished by the circumstance that the value of the inte- 
gral in question is always unknown, though it may be esti- 
mated approximately from the observations themselves. 

Lastly, all investigations depending upon the theory of 
probabilities, or upon the assumption of a particular form 
for the function </> (a?), (such as for instance the estimate of 
what is called the probable error) were of course excluded 
by the nature of the case. 




The reader is requested to make the following 
corrections. 



P. 5, line 6,'for x read i, 

P. 28, note K line 1, read X= (^^) (*- 

P. 28, note ', line 2, dele (^ =JL 
P. 30. line 5 from below, for 9 read ^ 
P. 43. line 6, for nif+mz read ny—tm. 




